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We discuss exact scalar field solutions describing gravitating compact objects in the
Eddington-inspired Born-Infeld gravity (EiBI), a member of the class of (metric-affine formu-
lated) Ricci-based gravity theories (RBGs). We include a detailed account of the RBGs/GR
correspondence exploited to analytically solve the field equations. The single parameter  of
the EiBI model defines two branches for the solution. The  > 0 branch may be described as
a ‘shell with no interior’, and constitutes an ill-defined, geodesically incomplete spacetime.
The more interesting  < 0 branch admits the interpretation of a ‘wormhole membrane’, an
exotic horizonless compact object with the ability to transfer particles and light from any
point on its surface (located slightly below the would-be Schwarzschild radius) to its antipo-
dal point, in a vanishing fraction of proper time. This is a single example illustrating how the
structural modifications introduced by the metric-affine formulation may lead to significant
departures from GR even at astrophysically relevant scales, giving rise to physically plau-
sible objects radically different from those we are used to think of in the metric approach,
and that could act as a black hole mimickers whose shadows might present distinguishable
signals.
I. INTRODUCTION
Besides the longstanding application to inflation[1] and accelerating solutions[2], since the pio-
neering work of Fisher [3], scalar field configurations have been widely explored in the context of
gravitating systems. Even though in the Einstein’s General Relativity context the uniqueness the-
orems and the no-hair conjecture [4] state that the only three quantities describing any black hole
solution (BH) would be mass, charge, and angular momentum, efforts were devoted to the search
for ‘hairy’ black holes solutions. These are extensions of the Kerr-Newman solution in the sense
that, besides the basic properties, they count with the extra ingredient of a ‘cloud’ of scalar matter
surrounding the black hole, supported by different kinds of self-interactions – see for instance Refs.
[5], and also [6] and [7] for updated reviews on this topic.
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2In recent years, the interest in scalar field supported compact gravitating solutions has risen,
fueled by several unexpected results with plausible astrophysical applications. Rotating black holes
[8], black hole shadows [9], and new black hole solutions with non-trivial scalar hair[10], are under
investigation. Also, in addition to hairy black holes, other developments address the matter of scalar
field supported ‘solitonic’ configurations, such as bosons stars[11–15], Proca stars[16], gravitating
skyrmions [17] and other topological solutions[18], gravastars[19–21], and other quasi-stationary
configurations around black holes [22], as well as other types of scalar solutions like those discussed
in Refs. [23, 24] and [25]. Within this context, new phenomena such as ‘superradiance’ [26], or
‘black hole bomb’ instabilities [27–29] can arise, triggered by such scalar fields configurations.
Modifications/extensions of Einstein’s General Relativity are motivated by many different rea-
sons, arising from astrophysical[30, 31] (Dark Matter) to cosmological[32] (Dark Energy) origins
—some broad reviews on the subject can be found in [33–38]–, as well as from purely theoreti-
cal/technical issues (information loss [39, 40], singularities [41] –see however [42, 43]–, etc.). The
classical tests of GR cover the range from laboratory to Solar System scales, sensing gravity only
in its weak field regime [44]. Astrophysical observations, from pulsars to stellar orbits around
the galactic centers, sense gravity on a stronger regime and already put important constraints on
the modified theories, that must behave much as GR at short scales. [45] Extragalactic [46] and
cosmological [32] contexts allow for other precision tests as well.
The recent observations by the LIGO/Virgo Collaboration of binary black hole and neutron
star mergers [47] inaugurated the era of gravitational waves astronomy, which allows for testing
gravity in the strong regime as well as at large scales. The data accumulation after successive
runs of the detectors, along with results of near future galaxy surveys such as EUCLID [48, 49] or
LSST [50], will probe GR well beyond the classical tests and will pose more stringent limits on the
viable extensions of Einstein’s theory. Actually, the binary neutron star merger recently detected
by its multi-messenger (gravitational plus electromagnetic) signal has already ruled out or put
hard constraints on several popular extensions [51–55]. Now, the existence of compact objects of
more exotic kinds is a possibility that cannot be disregarded at the present early stage of the GWs
astronomy.[56] In fact, it seems to be the right moment to look for new non-canonical solutions and
investigate their physical implications, as they could act as markers guiding the identification of
deviations from standard GR objects, that may arise in future astrophysical observations.[30, 31, 57]
In particular, the existence of compact objects without a horizon whose signals could be degenerated
with that of black holes (Black Hole Mimickers), and how they could be discriminated through
observations is a question that is under current intense investigation [58].
3Gravitating compact scalar field solutions have already been investigated in the context of
modified gravity[59]. Moreover, if dark matter is described by axions (or ultra-light bosons),
clouds of this matter could be formed around black holes [60]. However, the aforementioned new
set of observational capabilities points to the need for a thorough review of the principles on which
the modifications of GR shall be based on, and has given rise to a number of different proposals.
One such alternative approach is the metric-affine or ‘Palatini’ formulation of theories of gravity, in
which metric and affine connection are considered as a priori independent and equally fundamental
objects to be determined dynamically[61].
In spite of having very appealing features like, for instance, second order field equations for
any theory, the metric-affine approach has been relatively much less explored as compared to the
metric extensions of GR. The main obstacle in the development of these kind of theories resides, on
the one hand, in the highly non-linear character of the field equations which one has to deal with.
On the other hand, obtaining direct explicit solutions for the connection equation could result
in an absolutely daunting task. These features have limited the exploration to the use of specific
ansa¨tze or approximative methods. Besides, despite the long and fruitful development of Numerical
Relativity, which heavily contributed to the success of the field in recent years, the coding has
evolved based on the metric structure of the Einstein’s equations for which the (3+1) Hamiltonian
formalism and BSSN formulation were developed. This makes the direct implementation of very
well tested numerical tools to problems of physical interest in the metric-affine approach, unfeasible
in terms of computational and programming costs (see, for instance, Ref. [62] for a discussion on
the case of gravitational wave emission of binary mergers).
After all those difficulties, hope was partially recovered when it was realized that, at least for
models involving only the Ricci tensor and the metric (Ricci-based Gravities or RBGs), part of the
connection equation can be solved by the introduction an ‘auxiliary metric’. [61] Thus, metric-affine
extensions of GR have been kept mainly within the bounds of this class of models–see, however,
[63] and [64–66], where scalar-tensor models incorporating nonmetricity, and Lovelock theories are
considered, or the recent study of Horndeski Lagrangians in [67]. Fortunately, the universe of RBGs
theories is wide enough to make it worth its exploration since, amid other extensions, it contains
any f(R)-type model, the Eddington inspired Born-Infeld family of ‘squared-root’ theories[68] and,
of course, the Palatini version of GR itself. 1
1 About the longstanding belief on the complete equivalence between the metric and metric-affine treatment of
Einstein-Hilbert action in vaccum, supported by Einstein itself [69], see however [70] and the stunning recent
results in [71].
4Further work in that direction lead us to the identification of an Einstein frame description for
the RBGs class of models[72]. Remarkably enough, the transformation leading to the new frame
introduces no extra degrees of freedom but, instead, new relationships between the geometric and
the matter components are unveiled. In this sense, this transformation may be better interpreted
as a duality relation linking distinct theories. This map relates the solution space of arbitrary RBG
metric-affine models, including their matter fields, to the space of solutions of GR coupled to the
same kind of matter but driven by different dynamics. Remarkably, in each and every studied case,
the underlying non-linear structure of the RBG gravity Lagrangian density ends up transferred by
the map into the matter field sector, giving rise to non standard matter Lagrangians coupled to
GR.
A similar behavior is observed in the inverse map. In fact, the strength of this technique resides
in that all the relations are purely algebraic and, being established at the level of the field equations,
they’re not restricted to any particular symmetry or solution. Also, at least formally, the relation
must be invertible. Hence, whenever an exact solution of one of the theories is known, it allows for
the obtention of exact solutions for the related theory. Even more, in practical terms, it unlocks all
the known numerical techniques and facilities available to deal with GR problems to be exploited in
favor of modified gravity theories formulated in the metric-affine approach. The mechanism is now
well understood and, after being successfully implemented in different systems including general
anisotropic fluids [72], electromagnetic fields [73], and scalar fields [74], has shown to be very robust.
Also, its remarkably efficiency is well exemplified when comparing the awkward direct resolution
of the field equations of an RBG plus scalar matter system presented in [75], to the elegant and
straightforward re-derivation using the mapping procedure shown in [72], also discussed below.
The main aim of the present work is to discuss gravitating compact scalar field solutions,
obtained by exploiting the Einstein frame representation of the Eddington-inspired Born-Infeld
gravity. Interestingly, some of these objects could be interpreted as black hole mimickers. In order
to get there, we will go through the details of the mapping algorithm, using as a seed to feed
the mechanism the well known spherically symmetric solution obtained by Wyman in [76], which
corresponds to a static configuration of a single real scalar field described by a canonical Lagrangian
density coupled to GR.
The manuscript is organized as follows. In Sec. II we delimit properly what we call the class of
Ricci-based Gravity theories (RBGs), and derive their field equations on general grounds; in Sec.
III we build the Einstein-frame representation, applying the mapping prescription to a scalar field
5coupled to an arbitrary Ricci-based gravity, which we later particularize to the EiBI gravity case
in Sec. IV. Then, after briefly reviewing the Wyman’s solution of GR, exact solutions for the EiBI
model are obtained and their features analyzed in Sec. V. Finally, Sec.VI is reserved to summarize
our results and discuss some future perspectives of this line of research.
II. RICCI-BASED GRAVITIES
Consider the class of theories described by actions of the form
S =
∫
d4x
√−gLG
(
gµν , R(µν)(Γ)
)
+
∫
d4x
√−gLm(gµν , ψm) . (1)
The gravity sector is described by a Lagrangian density LG given in terms of scalars constructed
upon the metric gµν and the Ricci tensorRµν(Γ) ≡ ∂αΓανµ−∂νΓααµ+ΓααβΓβνµ−ΓανβΓβαµ, which depends
only on the affine connection, here assumed to be an independent variable (metric-affine formalism).
Actually, we will only consider the symmetric part of the Ricci tensor, R(µν),
2 to guarantee that
the theory is free of the ghost-like instabilities that may arise when the antisymmetric part of the
Ricci tensor takes place in the action.[77] The matter sector is described by the Lagrangian density
Lm(gµν , ψm), with ψm denoting collectively the matter fields, which corresponds to minimally
coupled bosonic fields. In fact, there is no direct coupling between the matter fields and the
connection. This choice preserves the Equivalence Principle, in the sense that matter particles will
follow geodesics determined by the metric alone. But besides, this is so in order to preserve the
projective invariance of the theory, which allows to remove the torsion by a gauge choice and, thus,
it can be safely disregarded from the onset (for details on this subtle point we remit the reader to
Ref.[78]).
The kind of theories under the above prescription is what we call Ricci-based gravity theories
(RBGs). As mentioned, the pool of RBGs is wide enough to contain the Einstein-Hilbert action,
any f(R), f(R,RµνR
µν), among others the like, but also more sophisticated constructs as the EiBI
gravity, that we will deal with in this work.
2 Parenthesis will be removed from now on for notational simplicty.
6A. Field equations
Let us now study carefully the field equations of this class of models. The Palatini variation
(metric and connection varied independently) of action (1) leads to the two tensorial equations
2
∂LG
∂gµν
− LGgµν = Tµν (2)
∇Γα
(√−g ∂LG
∂Rµν
)
= 0 . (3)
The RHS of equation (2), the one related to the metric variation, gets the usual stress-energy
tensor of the matter, Tµν ≡ −2√−g
δ(
√−gLm)
δgµν , while the affine connection related equation (3) is
homogeneous, as a result of our choice of minimally coupled matter fields.
Differently from the metric formulation, where the relation between the metric and the affine
connection (Christoffel’s symbols) is an a priori prescription, here we need to work out a solution
of (3). Depending on the actual form of LG, this can be a virtually impossible task. However, a
clever definition can shift the problem to a more convenient configuration that had allowed for a
resolution in every and all the cases considered until now. The move consist in introducing a new
object whose relation to the connection is already known through the form of its equation, namely,
to define the tensor
√−q qµν ≡ 2κ2√−g ∂LG
∂Rµν
, (4)
where q ≡ det qµν (under the implicit assumption that q 6= 0, and thus qµν has an inverse, qµν), and
κ2 is Newton’s constant in adequate units (in GR we have κ2 = 8piG). Then, equation (3) reads
∇Γα (
√−qqµν) = 0, which makes the covariant derivative compatible with the ‘auxiliary metric’ qµν .
That is, Γ is of Levi-Civita type, a connection whose components are the Christoffel’s symbols of
qµν , namely, Γ
λ
µν =
1
2q
λα(∂µqνα + ∂νqµα − ∂αgµν).
We have thus formally solved the connection equation in terms of qµν , but we still need to
understand how the affine connection relates to the physical metric gµν . To that aim note that qµν
is symmetric by definition, as long as LG is built on the symmetrized Ricci tensor. Let us then
propose the existence of an algebraic relation between qµν and the space-time metric gµν , realized
by a matrix Ωˆ such that
qµν = gµαΩ
α
ν . (5)
Therefore,
√−q = |Ωˆ|
1
2
√−g, with |Ωˆ| ≡ det Ωˆ, and also (Ω−1)µν = qµαgαν .
To see how this definition plays, note that, being LG a scalar density, it can only be made out
of powers of traces the object gµβRβν(Γ) and, therefore, derivatives of LG with respect to both,
7gµν and Γ
α
µν , will present a common factor. Besides, in virtue of (4), on shell Rαβ(Γ) = Rαβ(q).
One can thus trace Eq. (2) with gµν , and use relation (5) to express any instance of gµν on its
RHS in terms of qµν and Ω
α
ν . This allows to write the metric field equation in the very appealing
form
Gµν(q) = κ
2|Ωˆ|− 12 [Tµν − (T2 + LG) δµν] , (6)
where Gµν(q) ≡ qµα(Rαν(q)− 12qανR(q)), is the Einstein tensor of the auxiliary metric qµν , while
Tµν = gµαTαν and T is its trace.
It is worth recalling here that Eqs. (6) are of second-order by construction, enjoying a ghost-free
character while recovering exactly the GR form in vacuum (Tµν = 0). This is an extremely impor-
tant point, as it is precisely this feature what prevents the RGB class of theories of propagating any
extra degrees of freedom beyond those of GR (gravitational waves with two polarizations traveling
at the speed of light).3
III. EINSTEIN FRAME
Despite the appealing form of the field equations (6), a serious drawback of this kind os theories
is that it is not always possible to go from the formal relation (5) to an explicit expression for gµν in
terms of the auxiliary metric qµν . This makes very difficult to extract information from physically
relevant systems, besides specific highly symmetric cases as, for instance [79–81] in astrophysical,
or [82, 83], in cosmological contexts. However, the form in which we have expressed relation (6)
has the clue to advance towards the solution of the conundrum. On one hand, as will be explicitly
shown soon, once a particular RBG Lagrangian LG is chosen, the matrix Ωˆ can be written as a
function of the matter fields and the metric gµν , and this on-shell property is also shared by LG
itself. Even when the nonlinearities of relation (6) are much worst than in any GR system (while
Einstein’s equations are linear in Tµν here the RHS shows an intricate dependence on the matter
fields), our equations (6) show the ‘correct’ ‘geometry = matter’ form present in the GR equations,
to which they exactly reduce when Tµν = 0.
These facts motivated the proposal presented in [72], that can be explained as a reinterpretation
of the RHS of (6) as the actual stress-energy tensor of a different matter model coupled to an
3 The fact that RBGs gravitational waves propagate along the null geodesics of qµν , and its impact on the tensorial
stability of regular solutions in high-energy density environments was analyzed in [83, 84]. Also, RBG GWs
propagation in a FRW background and possible bounds on the model internal parameters was discussed in [85].
8Einstein-Hilbert action. That is, a GR system described in terms of the metric qµν in proper
Einstein frame. Namely, we propose to read Eq. (6) as Gµν(q) = κ2T˜
µ
ν , where
T˜µν ≡ |Ωˆ|−1/2
[
Tµν −
(
T
2 + LG
)
δµν
]
. (7)
Naturally, this identification can only be valid under the necessary condition that T˜µν = qµαT˜αν
define a conserved stress-energy tensor in the new frame, which is also a consistency requirement of
the contracted Bianchi identities, ∇ΓµGµν(q) = 0. That condition is perfectly fulfilled by minimally-
coupled matter sources such as generic anisotropic fluids[72], matter Lagrangians constructed out
of one or several scalar fields[74], or electromagnetic fields[73].
The above relation can be stated as follows: for any given RBG model LG, (minimally) coupled
to a matter Lagrangian Lm with stress-energy tensor Tµν , it is possible to find another Lagrangian
L˜m with stress-energy tensor T˜µν , coupled to GR, whose solution space is in full correspondence
with that of the RBG theory. And, moreover, the converse is also valid. That is, departing
from GR coupled to some matter field, its solutions can be related to the ones of an RBG theory
coupled to another matter field of the same kind, but described by a different (in general non-linear)
Lagrangian – see Table III for an schematic representation.
Table I: Schematics of the mapping relations.
RBG GR
∫
d4x
√−gLG +
∫
d4x
√−gL(X,φ) ∫ d4x√−q R+ ∫ d4x√−q L˜(Z, φ)
Gµν(q) = κ
2|Ω|− 12 [Tµν − (LG + T2 )] Gµν(q) = κ2T˜µν
Tµν =
−2√−g
∂(
√−gL(X,φ))
∂gµν
T˜µν =
−2√−q
∂(
√−qL˜(Z,φ))
∂qµν
qµν = gµαΩ
α
ν
|Ω|− 12 [Tµν − (LG + T2 )]∣∣∣
gµν→ qµν
←−−−−−−−−−−−→ T˜µν
A remarkable property of the interrelation between these theories, unveiled by the mapping
procedure, is that the non-linear structure present in the RBG gravity Lagrangian gets mapped to
a similar nonlinear realization, but in the matter sector. This manifests in a particularly striking
way when considering determinantal actions, as the Eddington inspired Born-Infeld gravity we
will consider below, where the square-root structure ends up related to an analogous square-root
form in the matter Lagrangian. This feature may have a direct relevant application in discussing
9non-canonical scalar fields models–see e.g. [1, 2, 18]–through the different optic of metric-affine
theories.
A. Mapping RBGs with a scalar field
As it is the focus of the present work, let us now explicitly construct the mapping in the
case of scalar matter constituted by a single real scalar field. We start by considering a generic
(non-canonical) action of the form
Sm(X,φ) = −1
2
∫
d4x
√−gL(X,φ) , (8)
where L is an arbitrary function of the scalar field and the quadratic kinetic term X = gαβ∂αφ∂βφ.
The corresponding stress-energy tensor reads
Tµν = LXX
µ
ν − 12L(X,φ)δµν , (9)
where LX ≡ dL/dX, Xµν ≡ gµα∂αφ∂νφ and, therefore, X = Xαα is its trace.
This is a very convenient form of expressing the stress-energy tensor since beneath the central
assumptions of the mapping prescription it is the possibility of writing Ωµν , the matrix connecting
the spacetime metric gµν and the Einstein frame representation metric qµν , as a (nonlinear) function
of Tµν . To that aim we write an ansatz for Ω
µ
ν in the form of as a series expansion on T
µ
ν , which
formally reads
Ωˆ =
∑
cn(X,φ) Tˆ
n . (10)
Now, a key point here is that the object Xµν introduced in (9) shows an idempotency property,
namely, (Xˆ/X)n = Xˆ/X, and thus, Xˆn = Xµα1X
α1
α2 · · ·X
αn−1
ν = Xn−1Xˆ. As a result of this, any
power of the stress-energy tensor (9) will be given as a linear combination of δµν and X
µ
ν , which
let us write
Ωµν = a(X,φ)δ
µ
ν + b(X,φ)X
µ
ν , (11)
where the particular form of the functions a and b will depend on the model under consideration.
It is precisely this structure of the matrix relating g and q what guarantees that every instance
of gµν in the RHS of Eq.(6) can be eliminated in favor of qµν . Explicitly, from definition (5) and
representation (11), we have that
gµα∂αφ = q
µβΩαβ∂αφ = q
µβ(a δαβ + bX
α
β)∂αφ = (a+ bX)q
µβ∂βφ (12)
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Therefore, we can always write
Xµν = (a+ bX)Z
µ
ν , (13)
with Zµν ≡ qσµ∂σφ∂νφ. Tracing and inverting (13) we obtain Z = X/(a+ bX), where Z ≡ Zµµ.
The function Z = Z(X,φ), is the necessary step to obtain the inverse relation, X = X(Z, φ).
Therefore, every term in Eq.(6) depending on gµν (through LG, Tµν and its trace T ) can be put
in terms of qµν . We are now finally allowed to interpret T˜µν as an actual stress-energy tensor of
matter fields in the q-related spacetime. In fact, we can assume the existence of a scalar field model
described by an action
S˜m(Z, φ) = −1
2
∫
d4x
√−qL˜(Z, φ) , (14)
with an associated standard stress-energy tensor T˜µν = L˜ZZ
µ
ν − 12 L˜(Z, φ)δµν . Relation (7) can
then be fulfiled by solving the equations
L˜ZZ
µ
ν = |Ωˆ|−
1
2LXX
µ
ν (15)
L˜(Z, φ) = |Ωˆ|− 12 (2LG +XLX − L(X,φ)) , (16)
which correspond to the matching of its diagonal and non-diagonal parts. Note that the traces of
(13) and (15) combine to give
L˜Z = |Ωˆ|− 12LX(a+ bX) . (17)
Now, to properly establish the mapping between theories coupled to the scalar matter, the corre-
sponding evolution equations of the scalar fields,
2∂µ
(√−gLXgµα∂αφ)−√−gLφ = 0 (18)
2∂µ
(√−qL˜Zqµα∂αφ)−√−qL˜φ = 0 . (19)
should be consistently satisfied by the solution of (15)-(16). Making use of the determinant of Eq.
(5) and the traces of (13) and (15), we verify that
√−gLXgµα∂αφ =
√−q(a+ bX)L˜Zqµα∂αφ =
√−qL˜Zqµα∂αφ , (20)
which merges (18) and (19) into the single relation
L˜φ = |Ωˆ|−
1
2Lφ , (21)
where L˜φ ≡ ∂φL˜(Z, φ). This, along with (15) and (16), completes the system of equations posed
by the mapping prescription.
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In cases where we are able to explicitly invert relation (13) to obtain X = X(Z, φ), substituting
this in Eq.(16) will directly give us the Lagrangian L˜(Z, φ). However, this may not always be
the most practical approach to take. Instead, we can use the fact that partial derivatives of the
Lagrangian L˜(Z, φ) namely, L˜Z and L˜φ, must be identical to the RHS of (17) and (21), respectively.
Thus, we can first calculate L˜X directly from Eq. (16) and then compare it to the product L˜ZZX ,
where L˜Z is given in (17) and ZX can be derived from the trace of (13).
The final piece to have a completely consistent framework requires one to realize that L˜φ =
∂φL˜(Z, φ), can be expressed as
∂φL˜(Z, φ) = ∂φL˜(X,φ)− L˜ZZφ , (22)
where LZ is given in (17), while Zφ can be computed from (13) (recall that a = a(X,φ) and
b = b(X,φ)).
IV. EDDINGTON-INSPIRED BORN-INFELD GRAVITY
We will now put into practice the machinery developed in the previous section focusing on
a specific RBG: the Eddington-inspired Born-Infeld gravity theory, which has been extensively
studied in the last years[86–97] (for a recent comprehensive review see [98]). It is described by the
action
SEiBI = 1
κ2
∫
d4x
[√
−|gµν + Rµν(Γ)| − λ
√−g
]
. (23)
Two new objects,  and λ, appear here. The length-squared  parameter, assumed to be small,
allows to show that EiBI gravity deviates from GR solutions only at high-curvature (or high-
energy density) situations. In fact, a perturbative expansion in  of the above action shows that,
at curvature scales |Rµν |  1/, EiBI gravity yields GR+ Λeff +O(), where Λeff = λ−1κ2 acts as
an effective cosmological constant. This feature is what guarantees the validity of EiBI theory with
respect to the recently reported[99] equality between the speed of gravitational and electromagnetic
waves propagation in vacuum. The role of the dimensionless parameter λ is clear now and, for the
present work, it will be kept fixed to λ = 1, in order to capture asymptotically flat solutions.
A. EiBI+scalar matter.
The EiBI field equations for the metric (2) take the form
√−qqµν − λ√−ggµν = −κ2√−g Tµν , (24)
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where the role of the auxiliary metric is assumed by the object inside the first square root in (23),
namely, qµν ≡ gµν + R(µν)(Γ), which is symmetric by construction.
Using the relation qµν = gµαΩ
α
ν we can write from (24) an explicit equation for the matrix Ωˆ
as
|Ωˆ| 12 (Ω−1)µν = λδµν − κ2Tµν . (25)
For a scalar field matter sector the stress-energy tensor is given by (9), and we have
|Ωˆ| 12 (Ω−1)µν = A(X,φ) δµν +B(X,φ)Xµν , (26)
with A = λ + κ
2
2 L(X,φ) and B = −κ2LX . Calculating first the determinant4 we can invert
relation (26) to obtain
Ωµν = a(X,φ)δ
µ
ν + b(X,φ)X
µ
ν , (27)
where a =
√
A(A+BX) , b = −|A|B/a and the determinant reads |Ωˆ| = A2a2.
From EiBI to GR. The above expressions are all functions of φ and X, that is, are related to the
RBG (EiBI) Lagrangian L(X,φ). In order to establish the map, we need to rewrite them in terms
of the GR variables of the L˜(Z, φ) Lagrangian. To that aim note first that, given the definition of
Ωˆ and the form of qµν in the present case, the EiBI Lagrangian in action (23) can be written as
LG = (|Ωˆ| 12 − λ)/κ2. Then, using (15)-(16) in combination with (26), we can write
(Ω−1)µν = A˜(Z, φ) δ
µ
ν + B˜(Z, φ)Z
µ
ν (28)
where A˜ = 1− κ22 (L˜− ZL˜Z) and B˜ = −κ2L˜Z . This function can be easily inverted to obtain
Ωµν = a˜(Z, φ)δ
µ
ν + b˜(Z, φ)Z
µ
ν (29)
with a˜ =1/A˜, b˜ = −B˜/A˜(A˜+ B˜Z), and |Ωˆ| =A˜−3(A˜+ B˜Z)−1 = a˜3(a˜+ b˜ Z).
Inverse problem: from GR to EiBI. One of the more promising applications of the mapping
procedure comes from the possibility of inverting the process. That is, departing from a known
system of some scalar field matter L˜(Z, φ) coupled to GR, to identify the dynamics derived from a
distinct Lagrangian L(X,φ) describing the same kind of matter, but coupled to an RBG.5 In the
4 Recall that |Mˆ4×4| = 124 [tr(Mˆ)4 − 6tr(Mˆ2)tr(Mˆ)2 + 8tr(Mˆ3)tr(Mˆ) + 3tr(Mˆ2)2 − 6tr(Mˆ4)] .
5 For instance, an exotic matter Lagrangian coupled to GR can be reinterpreted as matter with canonical dynamics
but in a metric-affine space
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EiBI gravity case, this can be attained straightforwardly by using Eqs.(16)-(15) to write the EiBI
Lagrangian all in terms of GR fields as
L(X,φ) = 2LG + |Ωˆ|1/2(ZL˜Z − L˜) , (30)
where LG = (|Ωˆ| 12 − λ)/κ2, and |Ωˆ| is to be expressed using (29). We find
L(X,φ) = 2
κ2
[[
1− κ22 (L˜− ZL˜Z)
]− 1
2
[
1− κ22 (L˜+ ZL˜Z)
]− 1
2 − λ
]
. (31)
To make explicit the relation between Z and X we need to specify the form of our matter La-
grangian.
B. A simple scalar field model
The results obtained above are consistent for generic scalar matter Lagrangians L(X,φ).
Nonetheless, let us consider a slightly more concrete case (still quite general) with the (non-
canonical) form
L(X,φ) = p(X)− 2V (φ) , (32)
where p(X) is an arbitrary function and V (φ) a scalar potential. Then, the corresponding La-
grangian in the Einstein frame reads
L˜(X,φ) = 2
κ2
(
1− a+b√
ab3
)
with Z(X,φ) =
2X|a|√
ab3
, (33)
the parametric form based on the objects
a = b− 2κ2XpX and b = 2λ+ κ2(p(X)− 2V (φ)) . (34)
We can also illustrate the inverse problem by investigating, for instance, how the canonical
scalar field model
L˜(Z, φ) = Z − 2V (φ) , (35)
coupled to GR, gets mapped into the EiBI framework. We simply write Eq. (31) using this
Lagrangian, and the determinant for EiBI gravity obtained from (29) to get
L(Z, φ) = 2
κ2
[[
(1 + κ2V (φ))(1− Zκ2 + κ2V (φ))]− 12 − λ] . (36)
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The relation between the kinetic terms reads
Z =
(
1 + κ2V (φ)
) X
1 + κ2X
. (37)
Therefore, inserting (37) into (36) we finally get
L(X,φ) = 2
κ2
( √
1+κ2X
1+κ2V (φ)
− λ
)
. (38)
The curious feature mentioned before, namely, the trading of non-linearities between the gravi-
tational and the matter sectors, is shown in its full glory in the free field case (V (φ)→ 0), as (38)
reduces to
L(X) = 2
κ2
(
√
1 + κ2X − λ) , (39)
which exactly recovers the square-root form of matter Born-Infeld-like theories[100–102]. This
effect was repeatedly observed in the different non-linear structures studied.
Before calculating the full exact solutions for the EiBI model, let us briefly analyze the asymp-
totical behavior in the free canonical scalar field configuration, (p(X) = X with V = 0). In this
case it can be shown that the weak-field expansion of (33) reads L˜(Z) ≈ Z+ κ24 Z2. The strong-field
regime is a bit more involved, and depends on the sign of the parameter . For  > 0, we find that
there exists a limiting value Xmax = 1/κ
2, above which L˜(Z) becomes complex. Thus, the linear
approximation remains a good one over the domain ending at ZMax = (2/
√
27)/κ2. For  < 0, the
domain of X is again bounded, this time by Xmax = |2/κ2|. However, Z is now unbounded from
above. Indeed, in that asymptotic limit, we find that L˜(Z) ≈ (|2/κ2|+Z/2 + (3/2)Z1/3)/|κ2|2/3
is a very good approximation and precisely the fact that the dominant term in this regime is the
linear one, explains why the approximative solution found in [72] and the numerical results of [75]
were in so good agreement with the exact analytical solutions we will construct in the following
section.
V. SOLUTIONS.
Wyman’s solution. In GR, a static spherically symmetric spacetime get completely deter-
mined by two independent metric functions. In the early 80s, Wyman obtained his solution[76] for
a massless scalar field coupled to GR in that symmetric case by using a clever substitution based
on the simplicity of the scalar field equation, φyy = 0, the solution of which can be taken to be,
without loss of generality, φ = y. This allows to write the line element in the convenient form
ds2GR = −eνdt2 + eνW−4dy2 +W−2(dθ2 + sin θ2dϕ2) , (40)
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where ν = ν(y) and W = W (y) are functions of the radial coordinate y which, in the asymptotically
flat case, take the closed form
eν = eβy and W = γ−1eβy/2 sinh(γy) , (41)
with γ ≡
√
β2 + 2κ2/2, β = −2GM , and M is the asymptotic Newtonian mass of the solution.
We bring your attention to the fact that in the coordinates used by Wyman, that we adopt here,
the center of the spherical solution is reached at y → ∞ while the asymptotic limit, coincident
with the region where φ→ 0, is achieved when y → 0.
The equivalent RBG problem, namely, EiBI gravity coupled to a canonical free scalar field
(L˜(Z) = Z) was studied by a direct approach, with a lot of pain and moderate success, in [75].
The mapping procedure described in the preceding section allows us to serve ourselves on the
Wyman’s solution to efficiently generate exact solutions for the EiBI case.
A. Free scalar field in EiBI gravity.
In the previous section we have derived the inverse map of a canonical free scalar field model
in GR, leading to the non-canonical scalar field Lagrangian density in EiBI gravity of Eq. (39).
Then, putting L˜(Z) = Z, the deformation matrix of Eq.(28) reduces to (Ω−1)µν = δ
µ
ν − κ2Zµν
which, from (5), implies
gµν = qµν − κ2Zµν . (42)
Because of the scalar field solution φ(y) = 1, we have that Zµν = ∂µφ∂νφ = δµyδνy. Consequently,
the EIBI line element assumes the strikingly simple form
ds2EiBI = −eνdt2 +
(
eνW−4 − κ2) dy2 +W−2(dθ2 + sin θ2dϕ2) . (43)
This is quite a surprising and, apparently, completely innocuous result: the only modification with
respect to the GR solution is a slight constant shift κ2 in the y–y component of gµν . A second
look on this, however, quickly changes one’s mind after realizing that bold physical consequences
arise, as we will show next.
B. Properties of the solution
Using (41), the radial function in (43) can be written as
r2(y) = W−2(y) = γ2 csch2 (γy) e−βy , with γ = 12
√
β2 + 2κ2 (44)
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This function has a monotonic behavior, as it goes from r2(y) ' 1/y2 in the asymptotic limit
(y → 0), to r2(y) ≈ 4γ2e−(2γ+β)y by the central region (y →∞).
Now, as the shifting ‘direction’ in (43) depends on the sign of the Born-Infeld parameter , there
are two different branches to explore.
1. Case  > 0.
The first thing to note in this case is that, while gtt = −eν is always negative, gyy = eνW−4−κ2
can become negative at finite values of y. Thus, the physically acceptable spacetime region is
restricted to the domain of y values for which gyy ≥ 0. In the range of astrophysical configurations
(|β|2  κ2), the critical value can be found to be yc ≈ −|β|−1 log
(||κ2/β4). This allows to
calculate the radius of the solution at this critical point. The expansion of the radial function
around this point (still in the astrophysical regime) can be written as
r2c (yc) ≈ β2 −
(
log
[
β4
||κ2
]
− 2
)
κ2 +O(κ4) . (45)
Clearly, rc is always smaller than |β| = 2M , that is, than the Schwarzschild radius of an object
with the same mass in GR.
These results seem to be bad news for the physical viability of this kind of object. While its GR
cousin can be interpreted as a ‘compact ball of scalar energy’ distributed in the whole region with
r . 2M (and down to the center r = 0), our EiBI object, having practically identical properties in
the external region, is ill-defined for r < rc. Besides, its Ricci scalar diverges at yc (polynomially as
R ∼ 1/(κ2(y− yc)2)), as well as the components of the Einstein tensor, which implies unbounded
effective energy density and pressures (For the GR solution such divergences grow exponentially
with y as y →∞ (r → 0)). Finally, the spacetime represented by this configuration is geodesically
incomplete, as can be readily verified by noting that any radial null geodesic can’t be extended
beyond the r = rc surface, which is reached in a finite affine time.
2. Case  < 0.
A quick look on the line element (43) in this case shows that, on one hand, the solution is well
defined all the way down to the center (y →∞), as gyy is nonvanishing (positive definite). On the
other hand, it quickly goes to a constant as y →∞ (gyy → ||κ2). Thus, the proper radial distance
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to the center is infinite, namely
lim
y→∞L =
∫ y√
gyydy ∼
√
||κ2y →∞ . (46)
Differently to the previous case, here the internal region (r < |β| = 2M) shows a much more
gentle behavior, as the Ricci scalar curvature approaches to a constant, roughly estimated as
R(y → ∞) → −β2/2||κ2 for astrophysical objects. This result is illustrated in Fig.1, showing
solutions with different β (mass) values.
Energy. At first sight, the  < 0 branch of the solution seems to have also a completely nice behavior
in terms of energy distribution. Indeed, looking at the transition region of the object (outside-
inside), the effective energy density for the matter generated by its geometry (κ2ρeff = −Gtt) result
finite everywhere and appears distributed on a thick shell around r / |β|, while the canonical energy
density diverges at that point in the  > 0 case (see Fig. 2 for a comparison). So, apparently,
we have an interior region that looks like a ball with constant negative energy density, free of
pathologies. However, the contributions of order κ2 cannot be disregarded when approaching the
center of the solution, as the full Einstein tensor Gtt component take the form
Gtt =
3
2||κ2
(
β2 + 2βγ + κ2
)− 1
4γ2
e(β+2γ)y , (47)
and divergent contributions emerge in the y →∞ limit.
Curvature. The scalar curvature of our EiBI solution shows its own additional divergences. In fact,
the full expression that in the astrophysical approximation reads
R = − 5
2||κ2 (β
2 + 85βγ + κ
2) + 1
2γ2
e(β+2γ)y , (48)
Figure 1: Ricci scalar R ≡ gµνRµν(g) of EiBI gravity solution in the case  < 0 with κ2 = 1,  = −10−3
and β = −20 (blue), −30 (green) and −40 (red). Dashed (orange) line represent the values in the central
region(y →∞) for each case.
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Figure 2: Effective energy density κ2ρeff ≡ −Gtt of the EiBI solutions for M = 10 (in units of κ2) for the
divergent  > 0 branch (dashed, red) and the well-behaved  < 0 branch (solid, green). Note the location of
the peak at a radius below the Schwarzschild radius, here at 102r = 2000.
diverges as6 R ∼ e(κ2/|β|)y, which is much softer than the GR solution divergence,
lim
y→∞RGR ≈
κ2
(β2 + 2κ2)2
e
(
2
√
β2+2κ2+β
)
y ∼ e|β|y . (49)
We thus learn that, for astrophysical sources, while this divergence is strongly magnified in GR, it
remain strongly suppressed in the EiBI theory.
To get a grasp of the physical implications of the above divergences, it is instructive to consider
the energy density from the point of view of the matter sector, i.e., the stress-energy tensor of the
scalar field. On the GR side we have ρGR ≡ −T tt = Z/2 = qyy/2, and thus the internal region of
the solution diverges like ρGR ∼ e|β|y. This coincides with what is shown by the geometric sector
in (49), and is nothing but a reflection of the Einstein’s equations structure. On the EiBI side
instead, we have ρEiBI = L(X)/2, which tends to ρEiBI ≈ 1/(||κ2) in the internal region. That is,
the central region energy density is a positive constant that saturates the natural scale of the EiBI
Lagrangian (39). As depicted in Fig. 3, this scalar field energy density ρEiBI presents a ‘kink-like’
profile completely different to the behavior of the  > 0 case, also depicted in the graph.
The key result here resides in the fact that the interpretation of the (divergent) Einstein tensor
as an observable effective stress-energy tensor provides a physical picture completely dissociated
of the actual behavior of the matter field which shows, at least in terms of it energy density, a
physically acceptable picture. This points to the highly non trivial question of whether the Ricci
scalar and Einstein tensor divergences carry any valuable physical content, which has already been
risen in works dealing with other metric-affine spaces.[103]
6 The compact expressions of the Ricci scalar and the effective energy density in the regions of interest are obtained
by approximating in the metric the hyperbolic functions by exponentials, which is extremely accurate in all relevant
cases, as can be easily verified numerically.
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Figure 3: Energy density ρEiBI ≡ −T tt of the scalar field matter. For  < 0 (solid, green), the transition from
the vacuum value ρEiBI = 0 to the internal maximum ρEiBI = 1/(||κ2) takes place below the corresponding
Schwarzschild radius r / |β|, here located at 102r = 2000. For  > 0 (dashed, red), the canonical energy
density diverges at that point.
Geodesics. The geodesic structure of the spacetime will give us the final ingredients to complete
our picture of the solution. As stated in Sec. II, in RBGs matter particles would follow metric
geodesics. For a spherically symmetric metric written as ds2 = −C(x)dt2 +D(x)−1dx2 +r2(x)dΩ2,
the geodesic equation can be put in the form[104]
C(x)
D(x)
(
dx
dλ
)2
= E2 − C(x)
(
`2
r2(x)
− k
)
, (50)
with k = 1, 0,−1 for space-like, null and time-like geodesics, respectively. For time-like geodesics,
the conserved quantities E ≡ √DCdt/dλ and ` ≡ r2(x)dϕ/dλ are interpreted (due to staticity and
spherical symmetry) as the total energy per unit mass and the angular momentum per unit mass7,
respectively. In the case of null geodesics, it is the quotient `/E that can be identified with an
apparent impact parameter from asymptotic infinity [105].
The energy conservation condition for the line element (43) reads E = eνdt/dλ, while the radial
null geodesics satisfy (
d(Eλ)
dy
) 2
= eν
(
eνW−4 + ||κ2) . (51)
In the case under study, the geometry of the asymptotically flat GR solution must be recovered
away from the region of localization of the scalar field. Indeed, far from the center (y → 0), we
have eν ≈ 1 and W = 1/r ≈ y. Therefore (dr/dλ)2 = 1 and r(t) = r0 ± t, which represents light
rays propagating at the speed of light (c = 1), as expected. Thus, it is only relevant to discuss the
geodesics in the interior region.
In the limit towards the center (y →∞), (d(Eλ)/dy)2≈||κ2e−|β|y, which integrates to E∆λ =
∓2|β|−1√||κ2e−|β|y/2. This result implies a nonconventional behavior: dy/dλ, the effective speed
7 Around an axis normal to a plane that, without loss of generality, can be taken to be θ = pi/2.
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Figure 4: Ingoing geodesics for  < 0 case: radial null (solid, green), null with angular momentum (dashed,
red), time-like with angular momentum (dotted black). After crossing the surface of the object (∼ r /
20), light cones get dramatically modified allowing for an almost instantaneous transfer of particles and
information between antipodal points of the compact object. This behavior can be interpreted as a wormhole
but with Euclidean topology.
of the light rays inside the object, grows exponentially fast near the center (see Fig. 4), leading to
a ray that travels from the surface of the object at yc, through the center to its antipodal point,
in an absurdly short affine time, ∆λ ∝ e−|β|yc/2. This behavior is paralleled by non-radial rays
and massive particles (time-like geodesics), whose geodesic equations in the interior region result
degenerated with those of the radial null geodesics.
Contrary to what we observed in the  > 0 case, which presents an ill-defined interior geometry
as a result of the divergence of the energy density at the surface and the inversion of the metric
signature (recall Figs. 2 and 3), the weird behavior of the  < 0 branch, namely, that information
and particles can traverse the object almost instantaneously, even when the (proper) radial distance
from the surface to the center is infinite (recall our computation (46)) has, nonetheless, a physically
plausible interpretation.
If we would determine the physical proper radial distance ∆L (from the surface) to the center of
the object operationally, that is, by assuming a constant speed of light c and computing the proper
time ∆λ for a signal traveling that journey, we would have concluded that ∆L = c∆λ → 0, as if
the interior did not exist. Thus, in practical terms, the  < 0 branch of the solution describes an
object that functions like a kind of wormhole membrane, which instantaneously transfers particles
and information between antipodal points of its surface. This is in good agreement with results
previously obtained in [75], where the same RBG system was studied without the mapping tech-
nology, but the emergence of wormhole structures was clearly indicated by a mix of numerical and
approximative solutions of the field equations.
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VI. CONCLUSIONS AND PERSPECTIVES
In the present work we have obtained and analyzed the features of exact scalar field solutions
describing gravitating compact objects in the Eddington-inspired Born-Infeld gravity, a well moti-
vated metric-affine extension of GR. We focused on this model with a two-fold objective in mind.
First, to illustrate, by means of a particular case, common features shared by the members of a
large class of extensions of GR in the metric-affine formalism that we call Ricci-based gravities.
These models, constructed out of scalars based on the Ricci tensor and the metric, support an
Einstein-frame representation which allows to establish a correspondence between the RBG’s and
GR’s field equations. Our second goal was to show in detail how this correspondence, first pre-
sented in [74], can be exploited as an extremely efficient tool to generate solutions for the highly
non-linear, and otherwise hardly solvable, field equations that arise in RBG theories.
Exact solutions for the EiBI gravity coupled to (non-canonical) scalar Lagrangians were gen-
erated using as seed the static, spherically symmetric solution obtained by Wyman for a free
(canonical) scalar field in GR. Two branches where found, depending on the sign of , the single
parameter of the model. Despite the fact that the line element of this solution turns out to be
quite similar to the original one, the physical consequences are profound. For instance, while the
radial proper distance to the center (y → ∞), calculated with the Wyman solution shortens ex-
ponentially fast as lGR ∝ e−(β+4γ)y, for the  < 0 EiBI solution in the same approximation we
have lEiBI =
√||κy, which puts the center at an infinite proper radial distance, showing that the
internal structure of these objects is radically different from their GR correspondent.
For astrophysical configurations (|β|2  κ2), the objects found are strictly horizon-free but
present, nonetheless, some distinguishing characteristics slightly below the would-be Schwarzschild
radius of an equivalent black hole solution with the same mass. For instance, in the  > 0 case,
the y coordinate is not allowed to surpass a maximum value, ymax = − log[||κ2/(2κ2 + β2)2],
so this object could be described as a ‘rigid shell with no interior’. If we agree that a physically
consistent spacetime is one where neither information (null geodesics) nor physical observers (time-
like geodesics) should disappear or emerge out of nowhere, then this branch of the solution is an
ill-defined spacetime. In fact, its structure avoids geodesics to be extended to arbitrarily large
values of their affine parameter, constituting a geodesically incomplete spacetime.
The negative ( < 0) branch, instead, seems to describe a much more interesting object, ad-
mitting a double interpretation depending on which definition is adopted to describe the energy
density distribution. On the one hand, looking at the canonical stress-energy tensor of the scalar
22
matter one identifies a localized object: a vanishing density outside a well defined radius (r / 2M),
and then an interior constant maximum positive density reached after a quick transition. On the
other hand, one could interpret the Einstein tensor as an effective stress-energy tensor. Under this
approach the object looks like a thin shell supported by a negative interior pressure. From an ob-
servational point of view, this new kind of object behaves as a ‘wormhole membrane’, transferring
particles and light from any point on the surface to its antipodal point in a vanishing fraction of
proper time.
Some remarks on more general aspects are in order. When applied to electric fields coupled
to RBGs, the mapping technique also produced solutions interpreted as wormholes and objects
without interior (see e.g. [81]). However, the energy density in electrovacuum solutions gets
concentrated mostly around the center. While this distribution gives rise to distinctive properties
on the background geometry of the interior regions[106], the structure of external horizons is
substantially preserved. Consequently, no effects could be observed on astrophysical scales.
The case of the scalar field objects seems to be fundamentally different, as the energy density
distribution results appreciable modified already near the would-be Schwarzschild radius. This
implies that non-GR effects already occur at macroscopic, astrophysical scales. Thus, even when
no observable distinction with respect to a Schwarzschild black hole could be identified in, for
instance, the orbital motions around these objects (recall that GR+Λ is exactly recovered in
vacuum regions), their shadows would present distinguishable signals due to the lack of event
horizons [107]. This puts this kind of objects on the list of candidates to black hole mimickers.
The lesson we learn from this is that modified gravity theories like RBGs, whose gravitational
dynamics depend on the local stress-energy densities, may lead to departures from GR even at
observationally relevant scales and not only at Planck scale, as usually assumed.
The results obtained have motivated us to extend our explorations in two main directions. First,
to develop a systematic search for new compact objects in other Ricci-based gravities (for instance,
f(R,Q) theories are under study). Second, to carry out the stability and perturbative analysis
of the kind of solutions here discussed, looking for a characterization of their distinctive features,
which is mandatory in order to gain the ability to identify their possible signals in astrophysical
observational data, for instance, against gravitational wave data as proposed in [108, 109]. Progress
along these lines will be reported soon.
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